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A finite element method for surface
restoration using Willmore flow with

boundary conditions

1 INTRODUCTION

In surface restoration usually a damaged region of a sur-
face has to be replaced by a surface patch which restores
the region in a suitable way. In particular one aims forC1

continuity at the patch boundary.

Fourth order energy functionals are able to measure fair-
ness and to ensure appropriate boundary conditions of the
normal field.

TheL2 gradient flow of the Willmore functional as an ac-
tual restoration process leads to a fourth order partial differ-
ential equation. As it is well–known, fourth order problems
require an implicit time discretization.

Here a semi–implicit approach is used which allows time
steps of the order of the spatial grid size of triangulated
meshes. For the discretization of the boundary condition,
two different numerical methods are employed.

Initial surface with three destroyed regions (chin, upper lip
and tip of the nose) on the left and the reconstruction of this
regions on the right are shown for a venus head dataset.

This approach in general is not new and several methods
based on the same or similar ideas can be found in the lit-
erature. Our contribution is to give a proper weak formula-
tion of the corresponding initial and boundary value prob-
lem, to discretize this in space consistently using a finite
element scheme on triangular grids, and in time applying
a semi–implicit backward Euler discretization [2]. The re-
sulting algorithm is easy to implement, allows the choice
of large time steps, and behaves robust in applications.

The method presented here is founded upon the corre-
sponding approach for surfaces without boundary pre-
sented in [3]. We derive appropriate discretization schemes
for Willmore flow problems with boundary conditions form
this approach.

Evolution sequence of a sphere with some flattened part
under the gradient flow of the Willmore functional. The flat
part of the initial surface is regarded as destroyed area of
the surface and is shown color coded on the initial surface
on the left.

2 WILLMORE FLOW

Let us consider the following problem. Suppose ad dimen-
sional surfaceM̃0 embedded inRd+1 is given and a subset
M0 ⊂ M̃0 is in bad shape. EitherM0 is a destroyed
region on the surfaceM̃0, where the remaining surface
Mext := M̃0 \M0 is in good condition, orM0 is an initial
blending surface closing a given surfaceMext := M̃0\M0

that is not connected. In both cases we seek aC1 sur-
face restoration or blending. Indeed, we state the following

problem:

Find a surface patchM, such thatM̃ := M∪Mext

minimizes the Willmore energy

E[M] :=
∫
M
h2 dx

over all C1 surfacesM̃ with fixed exterior surface
Mext.

The requiredC1 continuity can be expressed in terms of the
coordinate functionsx on the surface and the surface nor-
maln. In particular as boundary conditions for the coordi-
nate functionsx and the surface normalsn we prescibe the
corresponding values given on the boundary∂M0, which
we thus keep fixed during the evolution proccess.

We are aiming to solve this problem based on a gradient
descend method with respect to the Willmore energyE[x]:

∂tx(t) = −gradL2E[x(t)] ,

which describes the evolution of a family of surfacesM(t).
Thus as evolution equation we get

∂tx = (∆Mh + h (|S|2 − 1

2
h2))n ,

where we consider

M(0) = M0

as initial condition and require the above boundary condi-
tions for all t > 0. We expect thatM(t) converges to a
minimizer of the above variational problem.

Initial surface (top) and reconstruction (bottom) of a venus
head dataset from two different views. The areas of the
surface marked as destroyed are color coded in the above
pictures.

Here, we consider a different topology. The boundary con-
dition is determined by 6 cylinders. On the left, the orig-
inal mesh is shown. On the right we see the result of the
Willmore-flow evolution.

3 A BOUNDARY VALUE PROBLEM

FOR WILLMORE FLOW

Based on the formula for the variation of the Will-
more functional under variations of the surface, we can
rewrite the Willmore flow as a system of equations for the
parametrizationx and the mean curvature vectory and get
the following problem:

Find a family of bounded surfaces{M(t)} with x(t) indi-
cating the parametrization ofM(t) over itself and an ac-
companying vector fieldy(t) onM(t), such that

∫
M

∂txϑ dx +
∫
M

(1I − 2n⊗ n)∇My : ∇Mϑ dx

= −
∫
M

‖y‖2

2
∇Mx : ∇Mϑ dx ,

−
∫
M

∇Mx : ∇Mψ dx +
∫
∂M

ncoψ dHd−1 =
∫
M

y ψ dx ,

for all ϑ ∈ H1(Ω), ψ ∈ H1
0(Ω), and for almost every

t ∈ (0, T ], wherenco are the co-normals on∂M.

This system is then discretised using a semi-implicit back-
ward Euler scheme in time and linear finite elements in
space following [2].

Above a comparison of two different types of formula-
tions of the boundary values (top strong, bottom week).
Shown are the initial surfaces on the left (once with color
coded marked evolution area, once without), an interme-
diate timestep in the middle and the reconstruction of the
surfaces on the right.

For the weak formulation described above the boundary
values of the normals are adopted as Neumann boundary
values on∂M (bottom line in the above picture), whereas
in the case of a different strong formulation the boundary
conditions for the normals are interpolated from outside the
destroyed region and are adopted as Dirichlet boundary val-
ues on∂M (top line in the above picture).

In the case of the weak formulation the boundary of the
chosen area stays visible even in the final surface whereas
the boundary is not visible for the reconstruction using the
strong boundary formulation.
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