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Robust Classification of Surfaces

1 INTRODUCTION

The stable local classification of discrete surfaces with re-
spect to features such as edges and corners or concave and
convex regions respectively is as well difficult as indispens-
able for many surface processing applications. Usually, the
feature detection is done via a local curvature analysis. In
our work on classification, we want to use an additional
local classification method on surfaces which avoids the
evaluation of discretized curvature quantities. This method
provides an indicator for smoothness of a given discrete
surface and comes together with a built-in multi scale. The
proposed classification tool is based on local zero and first
moments on the discrete surface. The corresponding in-
tegral quantities are stable to compute and they give less
noisy results compared to discrete curvature quantities. The
stencil width for the integration of the moments turns out
to be the scale parameter.

Typical surface processing applications are the segmenta-
tion on surfaces, surface comparison and matching and sur-
face modelling.

2 CURVATURE ANALYSIS

In this section, we will present an overview on the clas-
sification based on curvature. The quantity for the detec-
tion of highly curved surface areas - namely edges - is in
codimension1 represented by the symmetric shape oper-
ator STxM. An edge is supposed to be indicated by one
sufficiently large eigenvalue ofSTxM.

For the computation of the shape operator on discrete
surfaces we use localL2 projection of the surface onto
quadratic polynomial graphs.

For stability reasons, we compute a shape operatorSTxMε

onMε. Here the parameterε either indicates a “geometric
Gaussian” filter-width, or the size of the neighbourhood we
take into account for the localL2 projection [4].

Now, we introduce for every point onMε, a classification
tensoraε

TxMε
. It is supposed to be a symmetric, positive

definite, linear mapping on the tangent spaceTxMε. Let us
suppose thatw1,ε, w2,ε are the principal directions of curva-
ture - the orthogonal eigendirections of the shape operator
- andκ1,ε, κ2,ε the principle curvatures - the corresponding
eigenvalues. Then we define the tensoraε

TxMε
in the basis

{w1,ε, w2,ε} as follows:

aε
TxMε

=

 G
(
κ1,ε

)
0

0 G
(
κ2,ε

)  , (1)

where the functionG is given byG(x) := 1
1+(x/β)2. Hereβ

serves as a user defined threshold parameter which classi-
fies the significance of surface features. Hence, a point is
supposed to belong to an edge if there is one principal di-
rection of curvature onMε with large curvature compared
to β. If the second principal curvature is small w.r.t.β, we
consider the first direction as being orthogonal to an edge
on the surface. At corners both principal curvatures ofMε

are large. Summarizing this, our tensor leads to the follow-
ing surface classification:

•Smooth areasare characterized byaε
TxMε

v diag[1, 1].

•Edgesare defined byaε
TxMε

v diag[1, 0]. In this case, the
edge direction is given byw2,ε and we assume|κ1,ε| >>
|κ2,ε|.

•Cornersare defined byaε
TxMε

v diag[0, 0].

3 CLASSIFICATION VIA MOMENTS

Let us consider first the zero moment classification: We
compute forx : M → Rd+1, d = 1, 2, the barycenter
M 0

ε (x(ξ)), ξ ∈ M, of x(M) ∩ Bε(x(ξ)), whereBε(x(ξ))
is the Euclidianε-ball. In smooth domains of a surface, the

differenceM 0
ε (x(ξ)) − x(ξ) scales quadratically inε. We

have the relation:

M 0
ε (x(ξ))− x(ξ) = −ε2 c(d) hn + o(ε2),

wherec(d) is a constant depending only on the surface di-
mension andhn is the mean curvature vector. In a non-
smooth situation we have only linear scaling of the zero
moment shift. Thus|M 0

ε (x(ξ)) − x(ξ)|/ε may serve as an
edge indicator.

The above figure shows a smooth situation on the left hand
side and an edge-situation on the right. The different scal-
ing of the zero moment shift indicates smoothness resp.
features.

Here, we compare a moment based classification of a hu-
man cortex data-set and the corresponding curvature based
classification. Obviously, using zero moments leads to
higher robustness. Below the detection of details on dif-
ferent scales choosing a different radiusε is shown:

Let us introduce the first order moment now. It is defined
as

M 1
ε (x(ξ)) =

∫
−

Bε∩M
(x−M 0

ε (x(ξ)))⊗ (x−M 0
ε (x(ξ))) dA ,

wherey ⊗ z := (yizj)i,j=1,...,d+1 and the meaning ofε is as
in the zero moment case the radius of a Euclidean ball. The
scaling of the first moment is in smooth and in non-smooth
cases quadratic, i.e.,

M 1
ε (x(ξ)) = ε2 2c(d) Ω + o(ε2).

In this case we are able to distinguish between smooth ar-
eas and features by an eigenvalue analysis of the matrixΩ.
In smooth cases,Ω is the projection onto the corresponding
tangent space, where in the non-smooth case, all eigenval-
ues are different from0.

The above figure shows typical eigenvectors of the first mo-
ment in an edge situation. This information enables us to
determine the direction of an edge. Furthermore, the incor-
poration of first moment information leads to even more
robust results. This will become clear by the following im-
ages. On the left hand side, the classification result just
using zero moments is shown. The radiusε is chosen rela-
tively small. On the right hand side, we see a classification,
where also first moments are taken into account.

Finally, let us mention that we can use of these classifica-
tion results as basis of a diffusion tensor for surface fair-
ing. Generalizing the algorithm introduced by Dziuk [3]
for mean curvature flow, we can define an anisotropic ge-
ometric diffusion process, which smoothes the surface in
regions being classified as smooth and preserves edges on
the surface. In addition we can allow smoothing along an
edge. The corresponding generalized mean curvature flow
is given by the following equation:

∂tx− [divM(aε
TxM∇Mx) · n] n = 0 ,

wheren denotes the surface normal. The tensoraε
TxM is

similarly chosen as in the curvature based analysis. In the
direction of an edge, diffusion is allowed, where across an
edge, we reduce diffusion. For a more detailed discussion
of this type of equation, we refer to [1]. Below, different
time-steps of this diffusion process starting with a noisy
initial configuration are shown.
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