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1 INTRODUCTION

Morphological methods in image processing are charac-
terized by an invariant behaviour under monotone contrast
transformations. The morphological content of an image
thus consists of the information of the geometry of the im-
ages which can be described by the Gaussmaps of the level
sets. Inreal registration problems the assumption of re-
liable steadiness of constrast between two images is not
reasonable in many cases. The congruence of the shapes
instead of the equality of the intensities is the main object
of the registration process.

2 A MORPHOLOGICALENERGY

We want to define a matching energy, which measures the
defect of the morphology of the reference imageR and the
deformed template imageT . We ask for a deformationφ
such that

NT ◦ φ | | Nφ
R , (1)

where Nφ
R is the transformed normal of the refer-

ence imageR on Tφ(x)φ(MR
R(x)) at position φ(x).
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From the transformation
rule for the exterior vec-
tor productDφu ∧ Dφv =
CofDφ(u∧v) for all v, w ∈
TxMR

R(x) one derives

Nφ
R =

Cof∇φNR

‖Cof∇φNR‖

whereCofA = detA · A−T for A ∈ Rd,d. In avariational
setting, optimality can be expressed in terms ofenergy min-
imization. Hence, we consider a matching energy

Em[φ] :=
∫
Ω

g0(∇T ◦ φ,∇R,Cof∇φ) dµ

for some functiong0 : Rd × R
d × R

d,d → R
+ which is a

0-homogenous extension of a functiong : Sd−1 × Sd−1 ×
R
d,d→ R

+; (u, v, A) 7→ g(u, v, A).

As boundary condition we requireφ = 1I on∂Ω. If we want
Em to vanish for non–monotone transformationsγ we are
lead to the symmetry assumption:

g(v, w,A) = g(−v, w,A) = g(v,−w,A) . (2)

We consider

g(v, w,A) = ‖(1I− v ⊗ v) · Aw‖γ , (3)

for 1 ≤ γ < q, such that we obtain the admissible matching
energy

Em[φ] =
∫

Ω
‖(1I− (NT ◦ φ)⊗ (NT ◦ φ)) · Cof∇φNR‖γ

The existence of a minimizing deformationcan be estab-
lished.

3 REGULARIZATION

The minimization problem of the matching energy isill–
posed, since the set of minimizers, if they exist, is very
irregular. We combine the matching energy with a suitable
regularization energyEreg.

E[φ] := Em[φ] + Ereg[φ]→ min! (4)

We choose an elasticpolyconvexregularization energy, i.e.,

Ereg[φ] =
∫
Ŵ (Dφ),

such that Ŵ (F ) = W ∗(F,CofF,detF ), and W ∗ :
{(F,CofF,detF ) ∈ R

d×d × R
d×d × R} → R convex.

The simplest polyconvex energy functional is the so called
Mooney-Rivlin-Energyfor elastic compressible materials.

EMR[φ] :=
∫

Ω
α‖∇φ‖2 + β‖Cof∇φ‖2 + Γ(det∇φ)dx

with Γ(s) → ∞ for s → 0,∞, e.g.,Γ(s) = γs2 − δ ln s or
Γ(s) = γ(ln s)2 .

The first summand is a Dirichlet energy which penalizes
distortions oflengthsof one-dimensional subsets and goes
along with a well known true regularizing effect, while the
second summand penalizes distortions ofareas. Because
det∇φ corresponds to the deformedvolumeelement, the
last summand prevents deformations with strong contrac-
tions or inflations.

Pure morphological registration. Template, reference, deformation, matching result.

4 FEATURE BASED REGISTRATION

We incorporate an additional energy which measures the
quality of the match of certain clearly detectable features.
SupposeFT andFR are corresponding selectedfeature sets
in the imagesT andR. These feature sets, may be com-
puted in a previous segmentation step applying for instance
an active contour algorithm. We want to penalize a non-
proper match of these two sets by a suitable energy. They
would be ideally matched, if

FT = φ(FR)

The following energy measures the matching quality for a
general deformationφ:

Ef [φ] =
∫
Ω

|d(φ(·),FT )− d(·,FR)|2 dµ , (5)

where d(x,A) := d̂ ◦ dist(x,A) is a function d̂ of the
distance of a pointx from a setA ⊂ Ω. We suppose
d̂ : R+

0 → R
+
0 to be monotone and̂d(0) = 0. In particular

Ef vanishes in case of a perfect match. A suitable choice
is d̂(s) = αsδ with 0 < δ ≤ 1 andα > 0.

5 MULTISCALE MINIMIZATION

In order toavoid convergence to local minimawe consider
the linear scale-space for the representation of input im-
ages. We setIσ = u(σ

2

2 ), I = T,R, whereu is the solution
of the linear diffusion equation∂tu − ∆u = 0, u(0) = I
discretized by (

Id − σ
2

2
M−1

h Lh

)
Īσ = Ī (6)

whereMh andLh denote the usual (lumped) mass- and
stiffness matrices respectively. The multiscale of Gauss
mapsNT,σ, NR,σ correspond to the regularized imagesIσ.
We start with a coarse representation of the images and
gradually reduce the amount of smoothing in order to fi-
nally resolve all the small details of the input data. Hence,
σ : R+

0 → R
+ should be a monotone decreasing function

with limt→∞ σ(t) = 0. We use a singlemultigrid V-cycle
with one pre– and postsmoothing step to compute an ap-
proximate inverse of the operator in (6).

We can apply the same arguments to the weighting factorα
in EMR which has a regularizing diffusive effect on the de-
formationφ. Lettingα(t) tend monotonely to zero reduce
the impact Dirichlet-functional, which is an application of
Tikhonov regularization.

Sectional morphological registration on a pair of MR and CT images of a human
spine. Dotted lines mark certain features visible in the reference image. Top Left:
reference, CT, Top Right: template, MR, with clearly visible misfit of structures
marked by the dotted lines. Bottom Left: deformed template after feature based

registrationT ◦ φf , whereφf is the result of a feature based pre-registration. Bottom
Right: deformed templateT ◦ φ after final registration.

Comparison of superimposed template and reference before (left) and after (right)
registration and deformation after the preregistration (feature-based) against final

deformation.
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