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1 INTRODUCTION

Given two imagesf1, f2 : Ω → R, whereΩ ⊂ Rd andd =
2, 3, we would like to determine a deformationφ : Ω → Rd

which mapsΩ ontoΩ and maps grey values in the first im-
agef1 via a deformationφ to grey values at the deformed
position in the second imagef2 such that

f1 ◦ φ ≈ f2 .

We considerφ as a perturbation of the identity1I which
means1I + u = φ. To optimize the deformation we define
the most basic energyE depending on the displacementu:

E[u] =
1

2

∫
Ω
|f1 ◦ (1I + u)− f2|2 . (E)

If u is an ideal deformation the above energy vanishes.
Thus we ask for minimizers of the problemE[u] → min
in some Banach spaceV. Obviously, this problem isill-
posed. Consider a deformationφ and forc ∈ R the level
setsM1

c = {x ∈ Ω | f1(x) = c}. Then for any displace-
mentΛ which keepsM1

c fixed for allc, the energy does not
change, i.e.,

E[φ] = E[Λ ◦ φ]

This especially holds true for a possible minimizer. Hence,
a minimizer – if it exists – is non-unique and the set of
minimizers is expected to benon-regularand not closed in
a usual set of admissible displacements.

2 REGULARIZATION

A minimizer u of (E) is characterized by the condition
E ′[u] = 0. In weak formulation:∫

Ω
(f1 ◦ (1I + u)− f2)∇f1 ◦ (1I + u) · θ = 0 ,

for all θ ∈ [C∞
0 (Ω)]d. We obtain theL2-representation of

E ′

gradL2E[u] = (f1 ◦ (1I + u)− f2)∇f1 ◦ (1I + u) . (1)

We investigate agradient flow approach to solve this
matching problem. A gradient of a functionalE : V → R
is defined as the representation of the Fréchet derivative
E ′ ∈ V ′ in a metricg(·, ·) onV, i. e.,

g(gradgE[u], θ) = 〈E ′[u], θ〉 .
Instead of taking a representation in theL2-product, we in-
troduce adifferent length measurementon the space of de-
formations and consider a general gradient flow

∂tu = −gradgE[u] ,

u(0) = u0 .

for a suitable metricg(· , ·). The choice ofV and the met-
ric g on V is related to aregularizationof the matching
problem. The representation of the metricg in the duality
pairing (V ′,V) will be denoted byA : V → V ′, i.e.,

g(ϕ, ψ) = 〈Aϕ,ψ〉
for all ψ ∈ V. If the inverse ofA is regular in a suitable
sense the gradient flow can be rewritten as an ODE in the
Banach spaceV:

∂tu = −A−1E ′[u] .

We can chooseA = 1I − σ2

2 ∆ for σ ∈ R+. This choice cor-
responds to animplicit time discretization of the heat equa-
tion with time-stepτ = σ2

2 and is thus related to Gaussian
filtering with a filter widthσ.

3 A SCALE–SPACE APPROACH

The energyE[·] is non-convex and we expect an energy
landscape withmany local minima. This implies that gra-
dient descent paths mostly tend to asymptotic states which
only locally minimize the energy. We consider a contin-
uous annealing method based on a scale of image pairs
f1,ε, f2,ε, whereε ≥ 0 is the scale parameter. Consider
a scale space operatorS(·) which maps an initial imagef
onto some coarser image, i. e.,

fε = S(ε)f

to steer the amount of information in the respective images.
We first want to confine to the linear scale space based on
Gaussian filtering, i. e. compute

∂tw −∆w = 0 in R+ × Ω
∂w

∂ν
= 0 on R+ × ∂Ω

w(0, ·) = f in Ω

and setfε := w(ε
2

2 , ·). Alternatively,other scale space op-
eratorssuch asmorphologicalones may be incorporated.
Now for givenε ≥ 0 we consider an energy

Eε[u] =
1

2

∫
Ω
|f1,ε ◦ (1I + u)− f2,ε|2 .

and the corresponding gradient flow.

Algorithmically, we select a sequence of scales

εk = β1 2−β2k , β1, β2 > 0 , (2)

and compute discrete counterparts of the continuous solu-
tionsuεk(Tk) for end timesTk sufficiently large and set

uεk(0) = uεk−1
(Tk−1) ,

For fixedβ2 the parameterβ1 is chosen such thatεkmax−1 =
h andεkmax = 0.

4 DISCRETIZATION

4.1 TEMPORAL

We only have to replace the Euclidian distance inRm by
the norm induced byg(·, ·) onV. We consider the explicit
scheme:

un+1 − un

τn
= −A−1E ′[un] .

In our implementation we determineτn usingArmijo’s rule.
Various other strategiescan also be incorporated.

4.2 SPATIAL : FE DISCRETIZATION

We suppose{Ψi}i∈Ih to be the canonical nodal basis of the
linear FE spaceVh. For given initial displacementU 0 find
a sequence of displacements(Un)n in [Vh]d which solve

gh

(
Un+1 − Un

τn
,Θ

)
= −〈E ′[Un],Θ〉 ,

for all test functionsΘ ∈ [Vh]d. Here the metricgh is a suit-
able approximation of the original metricg, which leads to
the scheme

Ūn+1 = Ūn − τnA
−1
h Ē

′[Ūn] . (3)

HereAh = MhGh, whereMh is the lumped mass matrix
Gh the matrix representation of the discrete metric, i.e.,

gh(X, Y ) = MhGhX̄ · Ȳ .

4.3 MULTIGRID SMOOTHING

We considerMGMh (multigrid V-cycle) as an approxima-

tion of
(
1I − σ2

2 ∆h

)−1
. For the discrete metricgh this means

gh(U, V ) = MGM−1
h Ū · V̄ .

4.4 MULTILEVEL STRUCTURES – COARSE

SCALES ON COARSE GRIDS

We couplea sequence of nested meshesMhl which repre-
sent thegrid hierarchyand nested function spacesV l with
the scales of images. We restrict on scalek the whole prob-
lem to grid levell(k). In the case whereS corresponds to
the heat equation, a suitable choice forl(k) would be the
smallest integer such that

hl(k) ≤ αεk

for some constantα ∈ (0, 1).

Recalling 2 this means that we start the computation of the
descent path on very coarse grids and function spaces and
successively decrease the scale and switch to finer represe-
nations byprolongation operators.

5 RESULTS

In the first example the matching process has to cope with
locally large deformations: From top left to bottom right:
axial slice through the original 3D image, second image
generated by reflection, application of the transformation
to a uniform grid, matching result. All 3d examples have a
resolution of1293 pixels.
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Due to thecascadic multilevel descentapproach and the
extensive use ofmultigrid smoothingit has become possi-
ble to compute reasonable deformations in less than 5min.
Below are the computation times of some elementary com-
ponents of the algorithm on the finest1293 grid.

Process Duration
V-cycle (single component) 3.3s
computation ofE[u] and gradE[u] 5.25s
computation of〈E ′[u], φ〉 5.38s
computation ofE[u] 1.23s
time–step control 1-3s

6 OUTLOOK: MORPHOLOGY

Our aim is to define a matching energy functional, which
is invariant under contrast transformationsof the input im-
ages. Those functionals are expected to reveal a muchmore
robust behaviourfor multi–modal data, or image time se-
quences with pathological content. Letφ : Ω → Ω and
Gauss-MapsNi : Ω → Rd, x 7→ ∇fi(x)

‖∇fi(x)‖ be given. The
transformation of normals with respect to the deformation
φ is then described by

N1 7→
Dφ−TN1

‖Dφ−TN1‖
=: Nφ

1 .

We can now formulate a morphological matching energy
by

Em(φ) :=
1

2

∫
Ω

∥∥∥Nφ
1 −N2 ◦ φ

∥∥∥2
,

which depends only on the morphology of the given in-
put images. The minimization ofEm is again an ill–posed
problem in the sense, that it wouldn’t garuantee a regular
unique solution. Thus we have to incorporate another regu-
larizing energy. We plan to use an energy from mathemati-
cal elasticity, considering the deformation to be applied on
anhyperelastic material.
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