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Nonlineardiffusionmethodshave provedto be powerful methodsn theprocess-
ing of 2D and3D images. They allow a denoisingandsmoothingof imageinten-
sitieswhile retainingandenhancingedges.As time evolvesin the corresponding
processascaleof successiely coarseimagedetailsis generatedCertainfeatures,
however, remainhighly resohed and sharp. On the otherhand,compressioris an
importanttopic in image processingaswell. Here a methodis presentedvhich
combineshe two aspectsn anefficientway. It is basedon a semi—implicitFinite
Elementimplementatiorof nonlineardiffusion. Error indicatorsguidea successie
coarseningrocess.This leadsto locally coarsegridsin areasof resultingsmooth
imageintensity while enhanceadgesarestill resohedon fine grid levels. Special
emphasishasbeenput on algorithmicalaspectsuchas storagerequirementand

efficiengy. Furthermore a new nonlinearanisotropicdiffusion methodfor vector
field visualizationis presented.

1. | NTR ODUCTI ON

Nonlineardiffusion methodsn imageprocessindhave beenknown for along time. In
1987 Peronaand Malik [17] introduceda continuousdiffusion modelwhich allows the
denoisingof imagestogethemwith the enhancingf edges.The diffusiondrivenevolution
is startedon aninitial imageintensity In generalijt is eithernoisybecausef unavoidable
measuremengrrors, or it carriespartially hidden patternswhich have to be intensified
and outlined[9, 24]. Suchan image smoothingand featurerestorationprocesscan be
understoodisa successie coarseningvhile certainstructuresareretainedon afine scale
—anapproachwhichis closelyrelatedto the majortechniquesn imagecompression.

Finite Elementmethodsare widespreado discretizeand appropriatelyimplementthe
diffusion basedmodels. Their generalcorvergencepropertieswere studiedfor instance
by Katur andMikula [13]. FurthermoreSchrorr appliedFinite Elementsn avariational
approacho imageprocessing20]. In variousareaof scientificcomputingadaptve Finite
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Elementmethodg6, 4] have beenincorporatedo substantiallyreducetherequireddegrees
of freedomwhile conservinghe approximatiorquality of the numericalsolution. Thereby
locally definedreliableerrorestimatorsor someerrorindicatorssteerthelocal grid refine-
ment,respectiely coarsenindg23, 5]. Theimageintensitiesresultingfrom the nonlinear
parabolicevolution are obviously well-suitedto be resohed on adaptie grids. As time
evolves,a successie coarseningn areasof smoothimageintensityis nearat hand. For

instancen caseof and—dimensionaimage wheretheimageintensityis constanbn piece-
wise smoothlyboundedregions,we obtainthe sameimagequality ona O(N?~ ! log(N))

complex adaptve grid ason a O(N?) regulargrid. The costof the numericalalgorithm,
the storagerequirementsandthe transmissiortime on computemetworks scalewith this
compleity in termsof actualdegreesof freedom.

Theseefficiengy perspecties have first beenstudiedby Banschand Mikula [3], who
presentedan adaptve Finite Elementmethod. This methodis basedon simplicial grids
generatedby bisectionandthenagainsuccessiely coarseneih thediffusionprocessThe
major shortcomingof their approachs the enormousmemoryrequirementor the data
structuresdescribingthe adaptve grid and the sparsematricesusedin the linear solver
in eachimplicit time. Therefore,large 3D images— asthey arewidespreadn medical
imaging— aredifficult to manageon moderatelysizedworkstations.

Herewe preseninadaptve multilevel Finite Elementmethodwhich avoidstheseshort-
comingsandcomesalongwith minimal storagerequirementsThe specificingredientsof
our methodare:

e adaptve quad—andoctreeswith accompaying piecavise bilinear, respectiely tri-
linearFinite Elementspacesreprocedurallyhandledonly,

e errorindicatorson grid nodesanda suitablethresholdvalueimplicitly describethe
adaptie grid (no explicit adaptize grid structureis required),

¢ invoking a certainsaturationconditionfor the nodalindicators,we ensurerobustness
andonelevel transitionsonly on theresultingadaptie grid,

¢ theadaptie Finite Elementspacas definedasanimplicitly constrainedliscretespace
onthefull grid,

¢ thegrid is completelyhandledprocedurally

¢ andinsteadof dealingwith explicitly storedsparsematrices,the hierarchicallypre-
conditionedlinear solver in eachtimestepuses’on—the—fly” matrix multiplication based
on efficientgrid traversals.

Let us mentionthatthis approactbenefitsfrom generalandefficient multilevel datapost
processingnethodology[16, 19] andis relatedto the multilevel methodsdiscussedn
[1, 25].

Finally, asa—to our knowledge— new areaof applicationwe will presentscalespace
methodin vectorfield visualization. Flow visualizationis animportanttaskin scientific
visualization. Simply drawing vector plots at nodesof someoverlayedregular grid in
generalproducesvisual clutter. The centralgoal is to comeup with inituitive methods
with more comprehensibleesults. They should provide an overall as well as detailed
view on the flow patterns.Severaltechniquegjeneratingsuchtexturesbasedon discrete
modelshave beenpresentedB, 15, 21, 22]. We askfor a continuousnodelwhich leadsto
stretchedstreamlinetype patternswhich arealignedto the vectorfield. Furthermorethe
possibility to successiely coarserthis patternis obviously a desirableproperty For the



generatiorof suchfield alignedflow patternswe apply anisotropicnonlineardiffusion. A
matrix valueddiffusion coeficient controlsthe anisotroy asin Weickert's method[26] to
restoreandenhancdower dimensionaktructuresn images.

2. FE-DI SCRETI ZA TION OF NONLI NEAR DI FFUSI ON

Let uslook atthe modified Perona-Mali17] modelproposedy Catg, Lions, Morel,
andColl [9]. Without ary restrictionwe considerthe domainQ := [0,1]¢, d = 2,3 and
askfor solutionof the following nonlinearparabolic,boundaryandinitial valueproblem:
Findp : Rt x Q — R™ suchthat

&0 —div(A(Vp)Vp) = f(p), InR' xQ,
p(oa ) = pPo 0nQ;
Zp =0 , onR* xo0.

wherein the basicmodel A = g for a non negative monotonedecreasindgunction g :

R — Rt satisfyinglim; . g(s) = 0, e.9. g(s) = (1 + %), andp, is amollification
of p with somesmoothingkernel. We interpretthe solution p for increasingt € Rt to
be a successiely filtered versionof py. With respecto the shapeof g, the diffusionis of
regularizedbackwardtype [14] in regionsof high imagegradientswhile noisy regionsof
po Will besmoothedy dominantdiffusion.

We solvethis problemnumericallyby applyingabilinear, respectrely trilinearconform-
ing Finite Elementdiscretizatioronanadaptve quadrilateralrespectiely hexahedrabrid.
In time a semi-implicitsecondorderEuler schemeas used.As it hasbecomestandardhe
schemaes semi-implicitwith respecto the evaluationof thenonlineardiffusioncoeficient
g andtheright handside. Thecomputatiorof themollified intensityp, is basednasingle
shorttimestepof the correspondindpeatequation(lineardiffusion)with givendatap [13].
In theith timestepwe haveto solvethelinearsystem

(M +71L(p.))p' = Mp"™' + F,

wherep' is the correspondingolutionvectorconsistingof the nodalvalues,r thecurrent
timestep,M is the lumpedmassmatrix, L(p.) the weightedstiffnessmatrix and F' the

vectorrepresentationf theright handside. Thegrowth of F' in theapplicationis moderate
comparedio chemicalreactiondiffusion equations. Thereforewe have not recognized
ary instabilitieswith this sourceterm. The stiffnessmatrix and the right handside are

computedoy applyingthe midpointquadratureule.

Theabovelinearsystemaswell asthe linear systemresultingfrom the mollification by
the heatequationkernelis solvedby a preconditionedconjugategradientmethod.We use
the Bramble—Rsciak—Xupreconditioning[7], thus making appropriateuse of the given
grid hierarchy

As alreadymentionedabove, a peculiarityof our schemas thatno matricesarestored
explicitly. Instead,the multiplication of the mass,respectiely the stiffnessmatrix with
a coeficient vector consistingof nodal valuesis doneprocedurally Therefore,in each
stepthehierarchicabndadaptve grid is traversecandelementwviselocal contributionsare
evaluatedand successiely assemblean the resultingcoeficient vector Thuswe avoid
storingthe matricesexplicitly. Otherwisewe would have beenunableto managetypical
3D applicationswith more than 10 million nodes. Furthermore this proceduralaccess
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FIG.1. Onthetopelementypesin two andthreedimensionsandtheir refinementareshavn andon the
bottomgrid configurationsvith hangingnodesaredepicted.

carriesstrongprovisionsfor codeoptimizationwith respecto a cacheoptimalnumbering
of thenodes.

3. GRID AD APTIVITY AND ERR OR IND CA TCRS

In this sectionwe will discussanadaptve approactto the problemof nonlineardiffu-
sion. We will especiallyfocus on the choiceandthe handlingof error indicator values
on the grid nodeswhich steerthe adaptie algorithm. It will be outlinedthat saturation
playsan essentiatole in the robustnessandimplementabilityof the proposedalgorithm.
In fact, solely referringto saturatecerror indicatorinformation and not to someexplicit
grid hierarchyenablesus to defineand handleappropriateadaptve meshedor the non-
linear diffusion algorithm. Let us assumehe dimensionof our imageto be (2/m>x + 1)
in eachdirectionfor somel,,.x € N. The degreesof freedomareinterpretatechsnodal
valuesof a regulargrid with 2/==x4 elementdor d = 2,3. Above this fine grid level we
definea quadtreerespectiely octreehierarchyof elementswith I, + 1 grid levels. In
eachlocal refinemenstepanelementE is subdvidedinto asetC(F) of 2¢ child elements
(cf. Fig. 1). Vice versawe denoteby P(E) the ancestorof an elementE. In each
refinemenstepnew grid nodesr appear They areexpressedy weightedsumsover their
parentnodeszp € P(z) from thesetof coarsemgrid level nodes:

T = Z w(z,zp)xp.

zpEP(x)

Theweightsw(z, zp) € {3, 1, 3} dependon thetype of the new node,which might be
the centerof a 1D edge,a 2D face,or a 3D hexahedron.Let usdenoteby N¢(E) the set
of new nodeson anelementE.

We supposehe grid to be adaptve. I. e. dependingon datathe recursve refinement
is stoppedocally on elementf differentgrid levels. Therebya sequenc®f nestedsuc-
cessiely refinedgrids {M'}o<i<i... is generated.On this sequencave definediscrete
functionspace V' }o<i<i,.., cONsistingof continuouspiecavise bilinear, respectiely tri-
linearfunctions,which areorderedby setinclusion:

VWeytic---cVc Y ¢ ¢ Phmex,
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FIG. 2. Severaladaptve grids of a smoothimage. Fromleft to right the numberof unknavnsis 85481,
44256, and21600 respectiely. A full grid would contain263169 unknavns.

Let {¢!}; denotethe basisof V! consistingof hat-functionsj.e. if {z1,...,zn} denotes
the setof nonconstrained/erticesof M!, we have ¢t (z7) = &;5, j = 1,..., N. Thereby
a vertex is called constrained, or a hanging node, if it is not generatedcby refinement
on every adjacentelement(cf. Fig. 1). On adaptie quadtreesrespectiely octreessuch
hangingnodesareunavoidable.The handlingof the correspondingnodalvaluesis crucial
for the efficiency of the resultingadaptve numericalalgorithm. We choosean efficient
implicit processingvhich will bedescribedelow.

Usually, for timedependenproblemsa grid modificationconsistingof the refinement
andcoarseningf elementss necessaryt certaintime steps. In our settingwe starton
theinitial fine grid M!==x andit sufiicesto coarserelementssincethereis in generaino
spatialmovementof theimageedgesandcompleteinformationof the imageis codedon
theinitial grid. (cf. Fig. 2). This coarsenings obtainedby prescribinga datadependent,
booleanvaluedstoppingcriterion S(E) on elementswhich implies local stoppingin a
recursve depthfirst traversalof the hierarchicalgrid. It turnedout to be suitableto let
this elementstoppingcriterion dependon a correspondingriterion S(z) on the nodes,
respectiely basisfunctions,i. e. we define

S(Ey= N S@).

zEN¢(E)

S(+) distinguisheswvhich degreesof freedomare actuallyimportant,respectiely which
nodal valuescan be generatedy interpolationof somecoarsegrid function. If n(z) is
someerrorindicatoron thenodesz ande is a prescribedhresholdvalue,we obtainsuch
aninterpolationcriterionby



FIG.3. Fromleft to right severaltimestepof the selectve imagesmoothingon adaptve gridsareshawn.

Givenanimageintensityp € V'max anintuitivechoicefor anerrorindicatoris n(z):=|Vp(z)|,
becaus¢hegradientof animagep actslike anedgeindicator Hencein regionswith nearly
constanintensitythe grid will be coarsenedubstantiallywhereadn the vicinity of high
gradientsjndicatingpreserableedgesthegrid sizeis keptfine.

The stoppingcriterion on elementdss motivatedby the factthatin the next refinement
steponly interpolatechodalvalueswould appear To ensuresvery descendentodalvalue
on suchan element- alsothoseon finer grid levels — to be interpolatedwe requirethe
following naturalsaturatiorconditionon the errorindicator:

(Saturation Condition) An error indicator value n(z) for z € N'(E) is always greater
than every error indicator n(z¢) for z¢ € N¢(E).

In generakhe saturatiorconditionis not fulfilled, but we canmodify the errorindicator
in apreprocessingtep.Typically, thisturnsoutto be necessargnly on coarsegrid levels.
A simpleupdatealgorithmfor anerrorindicatorny andtherebythe correspondingrojec-
tion criterion S is the following bottom-uptraversalof the grid hierarchy startingon the
secondinestlevel andendingon the macrogrid.

for = lmax-1 to O step -1 do
for each element E of M! do
n" 1= maXgen, (@) N();

for all zeN(E) do if(n(x) < n*) nlx) = 0

Let usemphasizehata depthfirst traversalof the hierarchyin theadjustmenprocedure
would not be sufficient. This saturationprocess'transports”fine grid error information
up to coarsegrid level and preventsus from overlookingimportantfine grid details[16].
Furthermorethe saturationcondition comesalongwith anotherdesirableproperty The
correspondinglementtoppingcriterionimpliesonly onelevel grid transitionsatelement



FIG. 4. Nonlineardiffusion hasbeenappliedto a 3d medicaldataset. Several slicesthroughthe adaptve
grid aredepictedshaving the correspondingmageintensityaswell astheintersectionineswith elementfaces.

facesof the actualadaptve grid (cf. Fig. 1). Thus,the possiblehangingnodeconfigura-
tions confineto the basiconelevel cases.. e. ary openfaceandary edgeof anelement
E containsat mostone hangingnode(cf. [11] for a generaltreatmenbf hangingnodes).
Finally, this hasstraightforvardimplicationson the assurancef continuity of discreteFi-
nite Elementfunctionsandthe correspondingnatrix assemblyin the implementationof
our nonlineardiffusionalgorithm. In generalon regulargridsthe continuityis guaranteed
by identifying eachlocal degreeof freedom(dof) with the global dof in the assemblyof
the global stiffnessmatricesandthe right handside of the correspondingliscretelinear
problem. However, hangingnodesof the adaptie grid do not representlofs, dueto their
dependencaponotherdofs. Thereforewhenassemblingheglobalstiffnessmatriceswe
have to distribute the contribution of the hangingnodesonto the constrainingdofs. This
is nothing elsebut procedurallyrespectinghe appropriateinterpolationconditions. For
future uselet usintroducethefollowing notation:

e NDEP(%) = Numberof constraintof the nodewith local index i of an element.We
defineNDEP(7):=1 if the nodeis not constrained.

e CCOEF(1, j) = List of constraineaoeficients.In ourcaseve alwayshave CCOEF (4, j)
1 (@) forj=1,..., (7).

e CDOFM(, j) = List of globaldofsthatconstrainthenodei, j = 1, ..., (1). For
non-hanginghodesCDOFM(, 1) coincideswith the globaldof of nodesi.

The CCOEF-valuesareidenticalto the weightsin the above nodegeneratiorrule. Figure
3 shaws the applicationof the resultingadaptve algorithmto selectvely smoothersome
noisyimage.In Figure4 and5 we have appliedthealgorithmto a 3D dataset[12].

4. PR OCEDURAL GRID HANDLI NG AND MA TRI X
MUL TI PLI CA TI ON



