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Nonlineardiffusionmethodshave provedto bepowerful methodsin theprocess-

ing of 2D and3D images.They allow a denoisingandsmoothingof imageinten-

sitieswhile retainingandenhancingedges.As time evolvesin the corresponding

process,ascaleof successively coarserimagedetailsis generated.Certainfeatures,

however, remainhighly resolved andsharp.On theotherhand,compressionis an

important topic in imageprocessingas well. Here a methodis presentedwhich

combinesthe two aspectsin anefficient way. It is basedon a semi–implicitFinite

Elementimplementationof nonlineardiffusion.Error indicatorsguidea successive

coarseningprocess.This leadsto locally coarsegrids in areasof resultingsmooth

imageintensity, while enhancededgesarestill resolvedon fine grid levels. Special

emphasishasbeenput on algorithmicalaspectssuchasstoragerequirementsand

efficiency. Furthermore,a new nonlinearanisotropicdiffusion methodfor vector

field visualizationis presented.

1. INTR ODUCTION

Nonlineardiffusionmethodsin imageprocessinghave beenknown for a long time. In
1987PeronaandMalik [17] introduceda continuousdiffusion model which allows the
denoisingof imagestogetherwith theenhancingof edges.Thediffusiondrivenevolution
is startedonaninitial imageintensity. In general,it is eithernoisybecauseof unavoidable
measurementerrors,or it carriespartially hiddenpatternswhich have to be intensified
and outlined [9, 24]. Suchan imagesmoothingand featurerestorationprocesscan be
understoodasa successive coarseningwhile certainstructuresareretainedon a fine scale
– anapproachwhich is closelyrelatedto themajortechniquesin imagecompression.

Finite Elementmethodsarewidespreadto discretizeandappropriatelyimplementthe
diffusion basedmodels. Their generalconvergencepropertieswerestudiedfor instance
by Kačur andMikula [13]. Furthermore,Schn̈orr appliedFinite Elementsin a variational
approachto imageprocessing[20]. In variousareasof scientificcomputingadaptiveFinite�



Elementmethods[6, 4] havebeenincorporatedto substantiallyreducetherequireddegrees
of freedomwhile conservingtheapproximationqualityof thenumericalsolution.Thereby
locally definedreliableerrorestimatorsor someerrorindicatorssteerthelocalgrid refine-
ment,respectively coarsening[23, 5]. The imageintensitiesresultingfrom thenonlinear
parabolicevolution areobviously well-suitedto be resolved on adaptive grids. As time
evolves,a successive coarseningin areasof smoothimageintensityis nearat hand. For
instancein caseof an � –dimensionalimage,wheretheimageintensityis constantonpiece-
wisesmoothlyboundedregions,we obtainthesameimagequality on a �������I�i���| c¡¢�n��£�£
complex adaptive grid ason a �����¤�¥£ regulargrid. Thecostof thenumericalalgorithm,
thestoragerequirements,andthetransmissiontime on computernetworksscalewith this
complexity in termsof actualdegreesof freedom.

Theseefficiency perspectiveshave first beenstudiedby BänschandMikula [3], who
presentedan adaptive Finite Elementmethod. This methodis basedon simplicial grids
generatedby bisectionandthenagainsuccessively coarsenedin thediffusionprocess.The
major shortcomingof their approachis the enormousmemoryrequirementfor the data
structuresdescribingthe adaptive grid and the sparsematricesusedin the linear solver
in eachimplicit time. Therefore,large 3D images– as they arewidespreadin medical
imaging– aredifficult to manageon moderatelysizedworkstations.

Herewepresentanadaptivemultilevel FiniteElementmethodwhichavoidstheseshort-
comingsandcomesalongwith minimal storagerequirements.Thespecificingredientsof
ourmethodare:

¦ adaptive quad–andoctrees,with accompanying piecewise bilinear, respectively tri-
linearFiniteElementspacesareprocedurallyhandledonly,¦ error indicatorson grid nodesanda suitablethresholdvalueimplicitly describethe
adaptivegrid (no explicit adaptivegrid structureis required),¦ invokinga certainsaturationconditionfor thenodalindicators,we ensurerobustness
andonelevel transitionsonly on theresultingadaptivegrid,¦ theadaptiveFiniteElementspaceis definedasanimplicitly constraineddiscretespace
on thefull grid,¦ thegrid is completelyhandledprocedurally,¦ andinsteadof dealingwith explicitly storedsparsematrices,the hierarchicallypre-
conditionedlinear solver in eachtimestepuses”on–the–fly” matrix multiplication based
on efficientgrid traversals.

Let usmentionthat this approachbenefitsfrom generalandefficient multilevel datapost
processingmethodology[16, 19] and is relatedto the multilevel methodsdiscussedin
[1, 25].

Finally, asa – to our knowledge– new areaof applicationwe will presenta scalespace
methodin vectorfield visualization. Flow visualizationis an importanttaskin scientific
visualization. Simply drawing vector plots at nodesof someoverlayedregular grid in
generalproducesvisual clutter. The centralgoal is to comeup with inituitive methods
with more comprehensibleresults. They shouldprovide an overall as well as detailed
view on the flow patterns.Several techniquesgeneratingsuchtexturesbasedon discrete
modelshavebeenpresented[8, 15, 21, 22]. We askfor acontinuousmodelwhich leadsto
stretchedstreamlinetypepatterns,which arealignedto thevectorfield. Furthermore,the
possibility to successively coarsenthis patternis obviously a desirableproperty. For the



generationof suchfield alignedflow patternswe applyanisotropicnonlineardiffusion. A
matrix valueddiffusioncoefficientcontrolstheanisotropy asin Weickert’smethod[26] to
restoreandenhancelowerdimensionalstructuresin images.

2. FE-DISCRETIZA TION OF NONLINEAR DIFFUSION

Let uslook at themodifiedPerona-Malik[17] modelproposedby Catt́e, Lions,Morel,
andColl [9]. Without any restrictionwe considerthedomain §©¨Gª¬« ­r®D¯D°�� , ��ª�±W®[² and
askfor solutionof thefollowing nonlinearparabolic,boundaryandinitial valueproblem:
Find ³5¨+´¶µ�·¸§º¹»´¶¼ suchthat

½½I¾ ³2¿ div �BÀ	�BÁ-³zÂ�£�Á-³z£ºªÄÃ¶��³W£�® in ´ µ ·Å§�®³���­r®DÆe£:ª9³cÇ ® on §¤®½½1È ³Éª*­ ® on ´ µ ·ËÊP§'Ì
wherein the basicmodel ÀÍªÏÎ for a non negative monotonedecreasingfunction ÎÐ¨´ µÇ ¹»´ µ satisfying�|ÑYÒ�ÓaÔ2ÕÖÎP�n×1£?ªÐ­ , e.g. ÎP�n×1£?ªØ�a¯~ÙÚ×¥Û1£7�P� , and ³WÂ is amollification

of ³ with somesmoothingkernel. We interpretthe solution ³ for increasingÜ(ÝÞ´ µ to
bea successively filteredversionof ³cÇ . With respectto theshapeof Î , thediffusionis of
regularizedbackwardtype[14] in regionsof high imagegradients,while noisyregionsof³gÇ will besmoothedby dominantdiffusion.

Wesolvethisproblemnumericallybyapplyingabilinear, respectively trilinearconform-
ing FiniteElementdiscretizationonanadaptivequadrilateral,respectivelyhexahedralgrid.
In time a semi-implicitsecondorderEulerschemeis used.As it hasbecomestandardthe
schemeis semi-implicitwith respectto theevaluationof thenonlineardiffusioncoefficientÎ andtheright handside.Thecomputationof themollified intensity ³ Â is basedonasingle
shorttimestepof thecorrespondingheatequation(lineardiffusion)with givendata³ [13].
In the ß th timestepwe haveto solve thelinearsystem

�BàáÙÖâäã���³ Â £�£cå³gæçªèà¬å³zæ �i� ÙÚéê®
where å³ æ is thecorrespondingsolutionvectorconsistingof thenodalvalues,â thecurrent
timestep,à is the lumpedmassmatrix, ã���³WÂ�£ the weightedstiffnessmatrix and é the
vectorrepresentationof theright handside.Thegrowth of é in theapplicationis moderate
comparedto chemicalreactiondiffusion equations. Thereforewe have not recognized
any instabilitieswith this sourceterm. The stiffnessmatrix and the right handsideare
computedby applyingthemidpointquadraturerule.

Theabove linearsystemaswell asthelinearsystemresultingfrom themollification by
theheatequationkernelis solvedby a preconditionedconjugategradientmethod.We use
the Bramble–Pasciak–Xupreconditioning[7], thusmakingappropriateuseof the given
grid hierarchy.

As alreadymentionedabove,a peculiarityof our schemeis thatno matricesarestored
explicitly. Instead,the multiplication of the mass,respectively the stiffnessmatrix with
a coefficient vectorconsistingof nodal valuesis doneprocedurally. Therefore,in each
stepthehierarchicalandadaptivegrid is traversedandelementwiselocalcontributionsare
evaluatedandsuccessively assembledon the resultingcoefficient vector. Thuswe avoid
storingthe matricesexplicitly. Otherwisewe would have beenunableto managetypical
3D applicationswith more than ¯¥­ million nodes. Furthermore,this proceduralaccess



FIG. 1. On thetop elementtypesin two andthreedimensionsandtheir refinementsareshown andon the
bottomgrid configurationswith hangingnodesaredepicted.

carriesstrongprovisionsfor codeoptimizationwith respectto a cacheoptimalnumbering
of thenodes.

3. GRID AD APTIVITY AND ERR OR INDICA TORS

In this sectionwe will discussanadaptive approachto theproblemof nonlineardiffu-
sion. We will especiallyfocuson the choiceand the handlingof error indicatorvalues
on the grid nodeswhich steerthe adaptive algorithm. It will be outlinedthat saturation
playsan essentialrole in the robustnessandimplementabilityof the proposedalgorithm.
In fact, solely referringto saturatederror indicator informationandnot to someexplicit
grid hierarchyenablesus to defineandhandleappropriateadaptive meshesfor the non-
linear diffusionalgorithm. Let us assumethe dimensionof our imageto be �n±Lë|ìrínî Ùï¯¥£
in eachdirectionfor some ðlñ
ò�ó�Ýºô . The degreesof freedomareinterpretatedasnodal
valuesof a regulargrid with ±Lë ì¢í�î � elementsfor ��ªõ±W®[² . Above this fine grid level we
definea quadtree,respectively octreehierarchyof elementswith ð ñ
ò�ó Ùö¯ grid levels. In
eachlocal refinementstepanelement÷ is subdividedinto aset ø?��÷-£ of ±+� child elements
(cf. Fig. 1). Vice versawe denoteby ù���÷	£ the ancestorof an element÷ . In each
refinementstepnew grid nodesú appear. They areexpressedby weightedsumsover their
parentnodesúrûºÝËù���ú�£ from thesetof coarsergrid level nodes:

úËª üý¥þ>ÿ û�� ý�� � ��úç®�ú û £Uú û Ì
Theweights � ��úç®�úrû;£ Ý�� �Û ® �� ® ��
	 dependon thetypeof thenew node,which might be

thecenterof a 1D edge,a 2D face,or a 3D hexahedron.Let usdenoteby �
���n÷	£ theset
of new nodeson anelement÷ .

We supposethe grid to be adaptive. I. e. dependingon datathe recursive refinement
is stoppedlocally on elementsof differentgrid levels. Therebya sequenceof nestedsuc-
cessively refinedgrids ��� ë 	 Ç�� ë � ë max is generated.On this sequencewe definediscrete
functionspaces���$ë 	 Ç�� ë � ë max consistingof continuouspiecewisebilinear, respectively tri-
linearfunctions,which areorderedby setinclusion:

� Ç�� � � � ÆDÆIÆ � � ë � � ë µ � � ÆDÆIÆ � � ë�ì¢í�î Ì



FIG. 2. Several adaptive gridsof a smoothimage. From left to right the numberof unknowns is ��������� ,��������� , and ��������� respectively. A full grid would contain ���� �����! unknowns.

Let �#"¢ëæ 	 æ denotethebasisof �$ë consistingof hat-functions,i.e. if �¥ú � ®IÌDÌIÌN®�ú%$ 	 denotes
thesetof nonconstrainedverticesof �¬ë , we have "¢ëæ ��ú'&1£kª)( æ & , *�ª�¯+®DÌIÌDÌN®[� . Thereby
a vertex is called constrained, or a hanging node, if it is not generatedby refinement
on every adjacentelement(cf. Fig. 1). On adaptive quadtrees,respectively octreessuch
hangingnodesareunavoidable.Thehandlingof thecorrespondingnodalvaluesis crucial
for the efficiency of the resultingadaptive numericalalgorithm. We choosean efficient
implicit processingwhich will bedescribedbelow.

Usually, for timedependentproblemsa grid modificationconsistingof the refinement
andcoarseningof elementsis necessaryat certaintime steps. In our settingwe starton
theinitial fine grid �¬ë ì¢í�î andit sufficesto coarsenelements,sincethereis in generalno
spatialmovementof the imageedgesandcompleteinformationof the imageis codedon
theinitial grid. (cf. Fig. 2). This coarseningis obtainedby prescribinga datadependent,
booleanvaluedstoppingcriterion +k��÷	£ on elements,which implies local stoppingin a
recursive depthfirst traversalof the hierarchicalgrid. It turnedout to be suitableto let
this elementstoppingcriterion dependon a correspondingcriterion +k��ú�£ on the nodes,
respectively basisfunctions,i. e. wedefine

+k��÷-£S¨Gª ,ý+ÿ�-/. �10 ��2 ��ú�£SÌ
2 �aÆe£ distinguisheswhich degreesof freedomareactually important,respectively which

nodalvaluescanbe generatedby interpolationof somecoarsegrid function. If 3P��ú�£ is
someerror indicatoron thenodesú and 4 is a prescribedthresholdvalue,we obtainsuch
aninterpolationcriterionby

2 ��ú�£S¨Gª��53P��ú�£7684�£PÌ



FIG. 3. Fromleft to right severaltimestepsof theselective imagesmoothingonadaptive gridsareshown.

Givenanimageintensity³5Ý9�$ë ìrínî anintuitivechoicefor anerrorindicatoris 3���ú�£N¨eª;: Á-³���ú�£�: ,
becausethegradientof animage³ actslikeanedgeindicator. Hencein regionswith nearly
constantintensitythegrid will becoarsenedsubstantially, whereasin thevicinity of high
gradients,indicatingpreservableedges,thegrid sizeis keptfine.

Thestoppingcriterion on elementsis motivatedby the fact that in the next refinement
steponly interpolatednodalvalueswouldappear. To ensureeverydescendentnodalvalue
on suchan element– also thoseon finer grid levels – to be interpolatedwe requirethe
following naturalsaturationconditionon theerrorindicator:

(Saturation Condition) An error indicator value 3P��ú�£ for ú:Ý<� ��÷	£ is always greater
than every error indicator 3P��ú=�W£ for ú
�5Ý;�
���n÷	£ .

In generalthesaturationconditionis not fulfilled, but we canmodify theerrorindicator
in apreprocessingstep.Typically, this turnsout to benecessaryonly oncoarsegrid levels.
A simpleupdatealgorithmfor anerror indicator 3 andtherebythecorrespondingprojec-
tion criterion 2 is the following bottom-uptraversalof the grid hierarchy, startingon the
secondfinestlevel andendingon themacrogrid.

for l= >1?A@CB -1 to 0 step -1 do

for each element D of EGF doHJI := KML�N#O�P�Q .SRUT%V HXWZYX[ ;
for all Y]\�^�W D [ do if( HXWZYX[ < H I ) HXWZYX[ = H I ;

Let usemphasizethatadepthfirst traversalof thehierarchyin theadjustmentprocedure
would not be sufficient. This saturationprocess“transports”fine grid error information
up to coarsegrid level andpreventsus from overlookingimportantfine grid details[16].
Furthermore,the saturationconditioncomesalongwith anotherdesirableproperty. The
correspondingelementstoppingcriterionimpliesonly onelevel grid transitionsatelement



FIG. 4. Nonlineardiffusionhasbeenappliedto a 3d medicaldataset. Severalslicesthroughtheadaptive
grid aredepictedshowing thecorrespondingimageintensityaswell astheintersectionlineswith elementfaces.

facesof theactualadaptive grid (cf. Fig. 1). Thus,thepossiblehangingnodeconfigura-
tionsconfineto thebasiconelevel cases.I. e. any openfaceandany edgeof anelement÷ containsat mostonehangingnode(cf. [11] for a generaltreatmentof hangingnodes).
Finally, this hasstraightforwardimplicationson theassuranceof continuityof discreteFi-
nite Elementfunctionsandthe correspondingmatrix assemblyin the implementationof
our nonlineardiffusionalgorithm.In generalon regulargridsthecontinuityis guaranteed
by identifying eachlocal degreeof freedom(dof) with the globaldof in the assemblyof
the global stiffnessmatricesandthe right handsideof the correspondingdiscretelinear
problem.However, hangingnodesof theadaptive grid do not representdofs,dueto their
dependenceuponotherdofs.Therefore,whenassemblingtheglobalstiffnessmatrices,we
have to distribute the contribution of the hangingnodesonto the constrainingdofs. This
is nothingelsebut procedurallyrespectingthe appropriateinterpolationconditions. For
futureuselet usintroducethefollowing notation:¦ NDEP ��ßa£ = Numberof constraintsof the nodewith local index ß of an element.We
defineNDEP ��ßa£S¨Gª	¯ if thenodeis not constrained.¦ CCOEF ��ß7®_*z£ = List of constrainedcoefficients.In ourcasewealwayshaveCCOEF ��ß7®C*g£
ª¯#`baMcJdMer��ßa£ for *-ª ¯+®DÌIÌDÌI®�aMcMdJe���ßa£ .¦ CDOFM ��ß7®_*z£ = List of globaldofs thatconstrainthenode ß , *�ª�¯c®DÌIÌDÌN®faJcMdMe���ßa£ . For
non-hangingnodesCDOFM ��ß7®I¯¥£ coincideswith theglobaldof of nodeß .
TheCCOEF–valuesareidenticalto theweightsin theabovenodegenerationrule. Figure
3 shows theapplicationof the resultingadaptive algorithmto selectively smoothensome
noisyimage.In Figure4 and5 wehaveappliedthealgorithmto a 3D dataset[12].

4. PR OCEDURAL GRID HANDLING AND MA TRIX
MUL TIPLICA TION


