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1 Introduction

In this article we review recent attempts to understand the interaction of dif-
ferent length and time scales in phase separating systems with elastic mis�t.
Phase separation occurs for example if an alloy is quenched below a critical
temperature, where a homogeneous mixture of the alloy components is not
stable. The early stage of the separation process, where di�erent phases, char-
acterized by the respective concentrations of the alloy components, appear is
called spinodal decomposition.

The Cahn{Hilliard model [CH58] and its extension with elasticity, the
Cahn{Larch�e model [CL82, CL73], have originally been introduced to model
spinodal decomposition. Later numerical simulations (see e.g. [Ell89]) and
formally matched asymptotic expansions (see [Pe89]) showed that the Cahn{
Hilliard equation can also describe a process on a slower intermediate time
scale in which the regions occupied by the phases rearrange in order to de-
crease their free energy. In the case that elastic contributions can be neglected,
the free energy is essentially given by the surface energy and the evolution
leads to nearly spherical disjoint components, called particles (see Fig. 1.1).
If anisotropic elastic e�ects are present the shapes resemble the anisotropy of
the elastic energy (see Fig. 1.2).

In the late stage, when the system has already minimized its energy lo-
cally, interactions between particles become important. In the case that no
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Fig. 1.1. Evolution starting from a perturbation of a uniform state

Fig. 1.2. Alignment of interfaces driven by homogeneous, anisotropic elasticity

elastic energy is relevant, small particles shrink, while larger ones grow, a
coarsening process known as Ostwald Ripening. The inuenceof elastic in-
teractions, e.g. through an elastic mis�t due to di�erent la ttice constants,
can drastically inuence the coarsening process. The shapeof the particles
changes from spherical to cuboidal or plate shape, particles can align or even
split. In particular on the large time scale the elastic energy which scales like
a volume becomes comparable to the surface energy and it might be possible
to stabilize the coarsening process (\inverse coarsening"). For a review on the
modelling of phase separation in alloys with elastic mis�t we refer to [FPL99].
To model the late stage regime, often so called sharp interface models are
used, which also appear as singular limits of the Cahn{Hilliard equation (see
[GK06]). In contrast to the latter, the boundary between di� erent phases is
given by a hypersurface.

In this overview we will discuss both the Cahn{Hilliard equation with
elasticity (the Cahn{Larch�e system) and a Mullins{Sekerk a type model with
anisotropic and inhomogeneous elasticity. Although we will also discuss some
aspects of modelling and mathematical analysis, our main focus will be on
computational aspects.

First, we will introduce the governing models and their interpretation as a
gradient ow in Sect. 2. The latter will be relevant for the set up of a reduced
model to simulate large particle ensembles. In Sect. 3 we study the e�ect
of elastic contributions on spinodal decomposition within the Cahn{Larch�e
model. In Sect. 4 we will explain how the Cahn{Larch�e systemcan be solved
e�ciently and present computational results for the Cahn{H illiard equation
and the Cahn{Larch�e system. In Sect. 5 we study coarsening rates for a large
system of particles. Here we observe a transient coarseningbehaviour in the


