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1 INTRODUCTION

A Surfactant (SURFace ACTive AgeNT) is a substance that
influences the surface properties of a liquid. In fact, accu-
mulating in a monomolecular layer on the surface of the
liquid, it reduces its surface tension.

We study the evolution of thin liquid films, especially
their spreading behavior under the influence of a surfac-
tant monolayer. Surfactants on thin films are important in
a wide range of application, from medicine (the liquid lin-
ing of the human lung, cf. below) to technology (aircraft
anti-icing films).

In the alveoli of the human lung, surfactant reduces the sur-
face tension of the liquid film on the lung surface, facilitat-
ing the breathing process. Prematurely born children lack
this surfactant, which leads to breathing problems (respi-
ratory distress syndrome). This can be treated by surfac-
tant therapy, where surfactant is artificially introduced into
the airways of the child. This surfactant is to distribute
throughout the lung at least in part due to Marangoni con-
vection, which will be in the center of our model.

2 LUBRICATION MODEL

Since the height of a thin film is small compared to its
width, we can employ a lubrication approximation of the
governing Navier-Stokes equations, i.e. a limit for vanish-
ing ε := height/length. This leads to a system of degener-
ate parabolic equations describing the evolution of the film
and the surfactant concentration on top of the liquid.

The image below is a schematic view of the configura-
tion. It shows a thin liquid film (blue) on a solid substrate
(black), bearing a monolayer of surfactant molecules (red,
top image). Since our model is continuous, we usually dis-
play the concentration of surfactant molecules (red, bottom
image) as a graph on top of the liquid.

The lubrication approximation yields the following set of
equations:
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S capillary constant u film height
D surfactant diffusivity w surfactant concentration

3 TIME DISCRETIZATION:
OPERATORSPLITTING ANSATZ

To discretize this system we employ a natural operator
splitting, first isolating the horizontal velocityv that is
known via lubrication theory
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from both equations, then splitting in convection parts and
parabolic parts as follows:

Uk+1
2 − Uk

τ
=

1

2
div

((
Uk

)2
∇W k

)
(4)

Uk+1 − Uk+1
2

τ
= −1

3
Sdiv

((
Uk+1

)3
∇∆Uk+1

)
(5)

V k+1 =
1

2
S

(
Uk+1

)2
∇∆Uk+1 − Uk+1∇W k (6)

W k+1
2 −W k

τ
= −div(V k+1W k) (7)

W k+1 −W k+1
2

τ
= D∆W k+1 (8)

We can identify different physical effects in the parts of
this splitting: While (5) models theCapillary Flow of the
classical thin film equation, that tends to reduce the sur-
face area of the liquid, equation (4) describes the effects
of Marangoni Convectionfrom regions of lower to higher
surface tension. Both effects are due to the films surface
tension. The next line (6) is theHorizontal Velocityof the
film, as it is known from lubrication theory. We assume
that theSurfactantis Transported in (7) with this velocity
on the surface of the liquid, while it is also subject toDif-
fusioneffects via (8).

4 SPACE DISCRETIZATION:
FINITE VOLUME METHOD

Using piecewise constant ansatz functions for the film
heightU and the surfactant concentrationW , we employ
the finite volume method for the discretization of our split-
ting steps.

For the capillary part, writingp = −∆u for the hydrody-
namic pressure andM(u) = 1

2u
3 for the nonlinear mobil-

ity, we write it as two second order equations and discretize
both as usual in a finite volume context.
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There remains to be specified a discrete version of the mo-
bility M. First we choose an approximationm as kind of
a positive cutoff ofM. It then turns out to be adequate to
select a harmonic integral mean ofm as the discrete mo-
bility, which retains entropy properties of the continuous
capillary flow part.
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For the convective parts of the splitting, we employ the cor-
responding Engquist-Osher upwind flowGij. To reduce the
numerical viscosity, we use a limited linear extrapolation to
reconstruct valuesUij on both sides of cell faces.
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5 RESULTS

The scheme described above has been implemented for one
space dimension, with film heightU and surfactant concen-
trationW discretized on dual grids. Finally we will have a
look at some computations done with this implementation.

Below is the evolution of a film of initially constant height,
after a drop of surfactant has been applied. Observe how
Marangoni convection leads to a flow of the film in direc-
tion of surface tension gradients, while the parabolic profile
of the two waves is due to capillary effects.

The next image shows that the scheme is able to repro-
duce a similarity solution that has been found by Jensen
and Grotberg forS = D = 0. The strengths of the higher-
order upwind discretization show up remarkably in this
pure-convection setting. We observe an experimental or-
der of convergence of about0.5 for the film height and1.0
for the surfactant concentration inL∞((0, T ), L2(Ω)).

The last example shows the spreading of the liquid under
the influence of an surfactant. This is remarkable, since
in the lubrication approximation leading to our model (and
especially to the formu3 for the nonlinear mobility), we
assume a no-slip boundary condition at the liquid-substrate
interface.
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